Abstract. We consider an equivalence relation defined for a given flow of the plane which has no fixed points. We prove that the first prolongational limit set of every point from the boundary of an equivalence class is contained in the boundary of this class. Moreover, if two points lying on two different boundary orbits of a class are contained in the same component of the complement of an orbit of this class, then each of these two points is contained in the first prolongational limit set of the other one.
Introduction
We assume that f is a free mapping, i.e. a homeomorphism of the plane onto itself without fixed points which preserves orientation. We consider a relation in R 2 defined in the following way: p ∼ q if p = q or p and q are endpoints of some arc K for which f n (K ) → ∞ as n → ±∞. It turns out that the relation defined above is an equivalence relation (see [5] ) and has the same equivalence classes as the relation defined by S. Andrea in [1] . From now on we assume that f is embeddable in a flow { f t : t ∈ R}. It follows from the Jordan theorem that each orbit C of { f t : t ∈ R} divides the plane into two simply connected regions. Note that each of them is invariant under f t for t ∈ R. Thus two different orbits C p and C q of points p and q, respectively, divide the plane into three simply connected invariant regions, one of which contains both C p and C q in its boundary. We will call this region by the strip between C p and C q and denote by D pq . For any distinct orbits C p 1 , C p 2 , C p 3 of { f t : t ∈ R} one of the following two possibilities must be satisfied: exactly one of the orbits C p 1 , C p 2 , C p 3 is contained in the strip between the other two or each of the orbits C p 1 , C p 2 , C p 3 is contained in the strip between the other two. In the first case if C p j is the orbit which lies in the strip between C p i and C p k we will write
In the second case we will write
there exist a sequence(q n ) n∈N and a sequence
The set J (q) := J + (q) ∪ J − (q) is called the first prolongational limit set of q. Let us observe that p ∈ J (q) if and only if q ∈ J (p) for any p, q ∈ R 2 . For a subset H ⊂ R 2 we define
One can observe that for each p ∈ R 2 the set J (p) is invariant.
In this paper we study the structure of the first prolongational limit set J (R 2 ) of a flow of free mappings. To this end we use equivalence classes of the equivalence relation defined above. These results can be useful in finding maximal parallelizable domains of such flows, because the boundary of each maximal parallelizable domain is contained in J (R 2 ) (see [9] ). Now we collect the results from [5] , [6] , [7] and [8] which are needed in our considerations. In this section we prove that the first prolongational limit set of every point from the boundary of a class is contained in the boundary of this class. 
Proof. Denote by L the straight line segment with endpoints q and p. Let p 0 be the first point of L belonging to C p . Then by Proposition 1.2 we have p 0 ∈ frG 0 . Moreover, p 0 ∈ J (q), since p 0 ∈ C p , p ∈ J (q) and J (q) is invariant. Let L 0 denote the subsegment of L having q and p 0 as its endpoints.
Let q 0 be the first point of L 0 belonging to clG 0 . Such a point q 0 exists on account of the Weierstrass theorem, since L 0 ∩ clG 0 is a compact set. Now we will prove that q 0 ∈ frG 0 . If s ∈ L 0 ∩ intG 0 , then there exists a ball B(s, ε) centered at s with a radius ε > 0 such that cl B(s, ε) ⊂ intG 0 . Hence s cannot be the first point of L 0 belonging to clG 0 , and consequently
Now we will show that q 0 ∈ C p , i.e. q 0 = p 0 . On account of the Whitney-Bebutov theorem (see [2] , p. 52) there exists a neighbourhood V 1 of p which is a union of orbits such that { f t | V 1 :
t ∈ R} is conjugate with the flow of translations, i.e. there exists a homeomorphism ψ : Now we show that q = q 0 . Suppose, on the contrary, that q = q 0 . Since q 0 ∈ frG 0 , we have by Proposition 1.5 that the set clG 0 \ C q 0 is contained in exactly one of the components of R 2 \C q 0 . Denote this component by F 0 . In particular, p ∈ F 0 , since q 0 ∈ C p . In the same way as before we can find a neighbourhood V 2 of q 0 which is a union of orbits such that { f t | V 2 : t ∈ R} is conjugate with the flow of translations and a homeomorphic preimage B 2 of a closed ball such that
and fr B 2 is a Jordan curve having exactly two common points with C q 0 . Denote these points by y 1 and y 2 .
Denote by L 1 the subarc of L 0 having q and q 0 as its endpoints. By the Jordan Theorem, there exists a point x 2 ∈ L 1 ∩ fr B 2 . It follows from Propositions 1.1 and 1.2 that clG 0 is a union of orbits. Hence by the fact that y 1 , y 2 ∈ C q 0 , we have y 1 , y 2 ∈ clG 0 . Since q 0 is the only point of L 1 belonging to clG 0 and q 0 ∈ int B 2 , we have x 2 = y 1 and x 2 = y 2 . Moreover, the point q 0 is the first point of L 1 belonging to C q 0 , since it is the first point of L 1 belonging to clG 0 . Hence L 1 \ {q 0 } is contained in one of the components of R 2 \ C q 0 . By the definition of J (p) we have
Since p ∈ F 0 and F 0 is invariant, we get from the assumption q ∈ J (p) that 
Properties of Boundary Orbits
In this section we prove that if two points lying on two different boundary orbits of a class are contained in the same component of the complement of an orbit of this class, then each of these two points is contained in the first prolongational limit set of the other one. Proof. First we prove that p ∈ G 0 and q ∈ G 0 . Suppose, on the contrary, that one of the points p, q belongs to G 0 . Let p ∈ G 0 . By Proposition 1.5, q and r are contained in the same component of R 2 \ C p . On the other hand, by our assumption, q and p are contained in the same component of R 2 \ C r . Thus q ∈ D pr . Hence by Proposition 1.6 q ∈ intG 0 , since p ∈ G 0 .
But this contradicts the assumption that q ∈ frG 0 . On account of the Whitney-Bebutov theorem (see [2] , p. 52) there exists a neighbourhood V 1 of p which is a union of orbits such that { f t | V 1 : t ∈ R} is conjugate with the flow of t ∈ R} is conjugate with the flow of translations and r ∈ V 2 , a point s 2 ∈ V 2 ∩ G 0 and an arc L 0 from s 2 to q such that L 0 has just one common point with every orbit contained in 
Hence C q n ∩ K 1 = for every n. Since K 1 has at most one common point with each orbit, the set C q n ∩ K 1 consists of just one point for every n. Denote this point by p n . Thus there exists a sequence (t n ) such that
Hence either t n > 0 for all n or t n < 0 for all n. We assume without loosing of generality that t n > 0 for all n. Now we show that p n → p as n → ∞. Fix an ε > 0. Let ε ≤ ε 1 . Denote by z the last point of K 1 which belongs to fr B(p, ε). Denote by K 2 the subarc of K 1 having z and p as its endpoints. Then K 2 \ {z} ⊂ B(p, ε). Let V 3 := V 2 ∩ H z , where H z denotes the component of R 2 \ C z which contains q. Since V 3 is a neighbourhood of q and q n → q as n → ∞, there exists an n 0 such that q n ∈ V 3 for all n > n 0 . In the same way as before (taking z instead of p 0 and q n instead of q 0 ) we get that C z | C q n | C q and C z | C q n | C p . Hence p ∈ H z and consequently K 2 = K 1 ∩ H z . Thus for all n > n 0 we have p n ∈ K 2 , since C q n ∈ H z for all n > n 0 and p n ∈ C q n . Hence by the fact that K 2 \ {z} ⊂ B(p, ε) we have p n ∈ B(p, ε) for all n > n 0 .
To finish the proof we show that there exists a subsequence (t n k ) of the sequence (t n ) which tends to +∞ as n k → ∞. Suppose, on the contrary, that there exists a positive integer α such that t n ≤ α for all n. Denote by J the Jordan curve which is a union of L 1 , f α (L 1 ), the subarc of C q 0 with endpoints q 0 and f α (q 0 ) and the subarc of C q with endpoints q and f α (q). Let B := J ∪ ins J , where by ins J we mean the bounded component of R 2 \ J . Then B is a closed set and f t n (q n ) ∈ B for every n. Hence by the fact that p = lim n→∞ f t n (q n ) we have p ∈ B. But this is impossible, since B ⊂ G 0 ∪ C q and (G 0 ∪ C q ) ∩ C p = . Thus there exists a subsequence (t n k ) of the sequence (t n ) such that lim k→∞ t n k = +∞. Hence lim k→∞ q n k = q and lim k→∞ f t n k (q n k ) = p, since lim n→∞ q n = q and lim n→∞ f t n (q n ) = p. Consequently p ∈ J (q).
